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Magnetic resonance imaging techniques were applied to obtain concentration and
velocity field measurements during flow in an aperiodic heterogeneous porous medium.
These measurements were used to evaluate the applicability of a stochastic perturbation
theory and the validity of the assumptions underlying its derivation. A comparison of
experimental moment data to the first and second moments of simulated mean concen-
tration distributions showed that the theory did not match the experimental data. While
the results showed general agreement, the stochastic model appeared to slightly overpre-
dict the experimentally observed mixing behavior. Discrepancies between experimental
and numerical results were attributed to the assumption that triplet correlation terms
involving fluctuating velocities and fluctuating concentration are insignificant relative to
terms containing doublet cross-correlations. Measured velocity covariances were com-
pared to the velocity covariance determined from the first-order solution to the flow
equation. The first-order relation agreed generally with the measured covariance, but did
not accurately predict the detailed covariance structure in the aperiodic heterogeneous

model.

Introduction

The accurate modeling of flow in porous media has proven
challenging, primarily because of the heterogeneous nature
of natural porous systems. It has been shown that mixing in
heterogencous systems is scale-dependent (Matheron and de
Marsily, 1980; Smith and Schwartz, 1980; Sudicky et al., 1983;
Freyburg, 1986; Garabedian et al., 1991; Gelhar et al., 1992).
This scale-dependent behavior prevents the use of the classic
advection—dispersion cquation for the determination of
large-scale flow and transport properties in natural systems.
As a result, a stochastic approach to modeling has been
adopted in recent years (see Dagan, 1989; Cushman, 1990 for
exhaustive references). These models have been extensively
developed over the last decade and show promise as a pre-
dictive technique.
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A nonlocal model for conservative chemical transport in
heterogeneous porous media has becn developed by Deng
and coworkers (Deng et al., 1993). Their approach is based
on an Eulerian perturbation solution to the stochastic flow
model and has been solved in transform space to yicld an
cquation for the prediction of mean concentration. This solu-
tion depends on specific assumptions about the nature of the
velocity field and on the use of a first-order equation relating
the velocity covariance to the covariance of the log-hydraulic
conductivity. Thus, by direct measurement of the velocity
field, the applicability of the first-order rclation and the va-
lidity of the stochastic nonlocal model can be examined.

Managnetic resonance imaging (MRI) presents a noninva-
sive means to obtain specific information about the behavior
of the velocity field (such as Caprihan and Fukushima, 1990).
MRI flow measurement techniques have been extensively de-
veloped over the last two decades and their application to the
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Table 1. Properties of Bead-Size Distributions in Each
Section of Aperiodic Heterogeneous Model

Top Middle Bottom
Property Section Section Section
U.S. sieve series mesh no. 20-28 35-48 100-115
Bead range ( pwm) 600-850 300-425 125-150
Porosity 0.339 0.324 0.336
Permeability (Da) 320 53.2 10.3
Pore-size range ( pm) 150-200 75-100 25-50

study of flow in porous media has recently become an area of
active research (such as Borgia et al.,, 1990, 1993, 1996). In
this study, MRI techniques (Irwin et al., 1998) were applied
to obtain concentration and velocity field measurements for
the evaluation of the stochastic nonlocal model.

Experiment

MRI techniques were applied to obtain one-dimensional
concentration images and two-dimensional velocity images
during flow in an aperiodic heterogeneous porous medium
(Irwin et al., 1998). Three identical columns, each filled with
a homogeneous distribution of unconsolidated spherical glass
beads, were threaded together to create a single column with
aperiodic heterogeneity. The resulting three-layer model was
183 cm long with an inside diameter of 3.18 cm. The proper-
ties of each layer are given in Table 1.

The imaging experiments were performed in a 31.0-cm
horizontal bore superconducting magnet at a field of 1.89 T.
The Larmor frequency for 'H at this field was 80.34 MHz.
The magnet contained actively shielded gradient coils and a
high-pass birdcage radio-frequency (rf) probe. Gradient
pulses and sampling were controlled using either a Nalorac
imaging spectrometer or a Tecmag LIBRA imager. Flow was
controlled with a syringe pump assembly that was con-
structed by attaching an electric stepping motor (motorized
shaft) to the piston of a plastic syringe. The motor was driven
by a CompuMotor controller and flow rates were adjusted by
setting the motor velocity.

Breakthrough experiments were performed by observing
the signal buildup created by a step input of water doped
with a gadolinium relaxation agent in a model initially satu-
rated with undoped water. The rate of signal buildup was
shown to be equivalent to the rate of tracer breakthrough in
a conventional breakthrough experiment. A realization of the
concentration field was constructed by combining concentra-
tion profiles determined from a series of 18 breakthrough im-
ages made in 10-cm sections along the length of an aperiodic
heterogeneous model. The first two moments of the mea-
sured distribution are presented in Figure 1. The discontinu-
ities that are apparent in these profiles are the result of com-
bining data from separate images. This artifact can be avoided
in future experiments by making images in overlapping sec-
tions. By comparing experimental moment data to the mo-
ments of simulated mean concentration distributions, the
predictive ability of the stochastic model can be examined.
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Figure 1. First two spatial moments of measured con-
centration distribution in the aperiodic hetero-
geneous model.

length of the model to produce two realizations of the veloc-
ity field. A representative set of velocity images from the first
realization is presented in Figure 2. The resolution of the
images shown in this figure is 0.91 mm in the x-direction,
1.16 mm in the z-direction, with a slice thickness of 5 mm in
the y-direction. At this resolution, the measured velocity in
each voxel represents an average over 40-1000 beads. It has
been argued that resolution below the pore scale is necessary
in order to obtain reliable data (Nesbitt et al., 1992). For
these experiments, an average measurement over several
pores was considered appropriate, since the stochastic model
is based on a Darcy-scale or superficial velocity.

Velocity covariance functions were determined from each
set of velocity images according to (Wei, 1990):

1 N—u

=5 L (=B W =F) )

where W is the mean of the process, u is the lag at which
correlation is estimated, i is the location at which W has been
measured, and N is the total number of observations. Esti-
mates of the covariance, R{u), are reliable for values of N >
50 and u < N/4 (Box, 1976). All nine components of the ve-
locity covariance tensor:

A modified stimulated-echo technique (Waggoner and Ry sy R
Fukushima, 1996) was used to make two-dimensional velocity R, =|R, R,, R, (2)
images during flow in the aperiodic heterogeneous model. ! R R ’
Two sets of 18 images were made in 10-cm sections along the = = =
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Figure 2. Representative set of images from the first re-
alization of velocity field in the aperiodic het-
erogeneous model.

can be determined from the velocity measurements according
to Eq. 1 (note the definition of the coordinate axes in Figure
2). These components are plotted as a function of spatial lag,
u, in Figures 3 and 4. For the data shown in these figures,
N = 1548, therefore, the covariance can be considered reli-
able for values of u < 387 (45 cm). Construction of the veloc-
ity covariance from measurements of the fluctuating velocity
makes it possible to examine the validity of the first-order
relation and the applicability of the stochastic transport
model.

It is interesting to note that the covariance takes on nega-
tive values. This negative correlation reflects the oscillatory
behavior of the velocity field. Oscillations about the mean
velocity result in correlation between positive and negative
velocity fluctuations. Thus, regions in which the velocity is
higher than average are affected by regions in which the ve-
locity is lower than average, and vice versa. Although nega-
tive velocity fluctuations do not necessarily indicate flow re-
versal, it should be noted that some negative velocitics are
evident in the velocity images. The large negative fluctua-
tions, v = — 1 cm/s, are clearly outliers. These values are likely
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Figure 3. Two-point velocity correlation functions deter-
mined from the first realization of velocity field
in the aperiodic heterogeneous model.

the result of phase wrapping in the NMR signal. Negative
velocity fluctuations on the order of —0.5 cm/s are not out-
liers and indicate that some recirculation may be occurring
near the end of the model. Notwithstanding, these negative
velocities are not predominant throughout the velocity pro-
files or the velocity images, thus, this recirculation may not
be significant.

Theory

The stochastic nonlocal model was adapted to the initial
condition of the breakthrough imaging experiment:

C(x,=0,1x,1 <b,t)=C, 20, (3)
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Figure 4. Two-point velocity correlation functions deter-
mined from the second realization of velocity
field in the aperiodic heterogeneous model.

where C,, is the initial concentration, and b is the radius of
the experimental model. For a continuous source, the Darcy
scale transport equation is written:

aC  AV,C) d ac
—+ ———(D,.ja—x)=C0-H(t), 4)
J

at ax;

i axi

where
C,=C_ TI =2 5
0 m ( 2b ) ( )
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is a rectangle function whose Fourier transform is given by

R 2sin (bk,)
Cok) =€, ©)
and H(¢) is Heaviside’s unit step function:
_ /0 <0
H(t)_{l £>0. ™

Following the approach outlined by Deng et al. (1993), the
mean equation is written:

aC _ oC
—+V,— =D = -

o CoH 8
+ cH(t).
at ax, ax}? ax, ° () ®)

The mean-removed equation is unchanged:

Jdc  _ dc d%c
—_— +V1_’___ —
Jat ax,

aC  d(ve) a,
.—__.+ —_—

TS =0T —.
2% dX; ox ax;

€

i
i

Taking Laplace and Fourier transforms, Eqs. 8 and 9 become

-0

sC +ik,7,C + Dk C = — kv, + —
§

= aC
sc® +ik,V,c® + D;k}c® = — | v,—
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(D

Continuing with the analysis as outlined by Deng et al. (1993),
the Fourier-space solution for the mean concentration is
written:

A

—1

o=
s

1y’ .
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Co . , (Y
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dk’} . (12)

To evaluate Eq. 12, one must know the velocity covariance
function, R;;, the initial concentration distribution, C,, the
mean velocity, V;, and the local dispersivities. The velocity
covariance function is typically obtained using a first-order
relation between velocity and log-hydraulic conductivity co-
variance (Gelhar and Axeness, 1983). By directly measuring
R,;, the applicability of this first-order relation and the valid-
ity of the stochastic transport model can be examined.
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Table 2. Values Assigned to Input Parameters of
Numerical Model

Input Parameter  Assigned Value
Initial concentration C,, 0.00149 g/cm’
Radius of experimental model b 1.59 cm
Mean velocity v, 0.25 cm/s
Longitudinal dispersivity a; 0.176 cm
Transverse dispersivity oy 0.0587 cm
In K variance a7 0.15
In K integral scale A=A =A 2.0cm
Porosity noo 0.33
Geometric mean of conductivity K,=e" 0.0256 cm/s
Mean hydraulic gradient J 3.22
Velocity covariance R
Simulation 1 i Eq. 14
Simulation 2 Ry, R..inFig. 3
Ry R, inFig. 3
R, =R, R.. in Fig. 3
Simulation 3 Ry, R.. in Fig. 4
R R, inFig. 4
R, =R, R., in Fig. 4
No. of computational nodes in x| 120
in x, 20
in ¢ 120

Numerical Modeling

Since the imaging experiments yield results for various
quantities that are averages over a slice thickness of 5 mm in
the y-direction, two-dimensional simulations (that is, simula-
tions in x and z) of mean concentration were performed for
comparison with experimental data. The coordinate axes x
and z defined for the imaging experiments correspond to
variables x, and x, in the stochastic transport model. Values
assigned to the input parameters of the stochastic nonlocal
model are presented in Table 2. Values for the initial con-
centration, C,,, the radius of the experimental model, b, the
mean velocity, V|, and the porosity, n, are dictated by the
constraints of the imaging experiments. The initial concentra-
tion is set equal to the concentration of dopant used in the
experiment, the mean velocity is defined by the experimental
average linear velocity, and the porosity is set equal to the
measured porosity of the aperiodic heterogeneous model. The
longitudinal dispersivity, «,, is determined according to:

D, =a,V,, (13)

where D, is the average longitudinal dispersion in the aperi-
odic heterogeneous model. The transverse dispersivity, a;, is
set equal to one-third the value assigned to the longitudinal
dispersivity (Greenkorn, 1983).

The velocity covariance function is defined in two ways.
Simulations are performed using both theoretical and mea-
sured velocity covariances as input. Simulation 1 used the ve-
locity covariance determined according to the first-order so-
lution to the flow equation (Gelhar and Axeness, 1983):

. JK \? ; kik; ]
Rij(k)=(7g—) [5,1— = Ha,.]— = ]Rff(k). (14)
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Simulations 2 and 3 used the measured covariances shown in
Figures 3 and 4.

To compute the velocity covariance function using Eq. 14,
the geometric mean of the hydraulic conductivity, K,, the
mean hydraulic gradient, J, and the covariance function of
the fluctuating log-hydraulic conductivity, R, must be
known. The geometric mean of the hydraulic conductivity is
defined by the series average of the hydraulic conductivity in
each layer of the aperiodic heterogeneous model (Green-
korn, 1983):

L

(K= L /K,+ Ly/K,+ Ly/K; '

(15)

where L is the length of the aperiodic heterogeneous model,
and L, L,, L, are the lengths of the individual layers in the
model. The mean hydraulic gradient is determined according
to

ny

T= o

(16)

where ¥ is the experimental velocity, ({K ), is the scries
average hydraulic conductivity, and » is the measured poros-
ity. Given the exponential conductivity structure of the aperi-
odic heterogeneous model, the covariance function of the
fluctuating log-hydraulic conductivity is defined:

Ryp(x) = ofexp— [(XIZ/A%)+(XZZ/)‘12)]X/2’ (17)

where g/: and A, = A, = A are the variance and integral scale
of the fluctuating log-hydraulic conductivity, respectively. The
variance of the fluctuating conductivity is estimated to be of
the same magnitude as the variance of the bead-size distribu-
tions in each section of the aperiodic heterogencous model.
The integral scale is estimated to be on the order of 50 times
the average bead diameter in the aperiodic heterogeneous
model.

Results and Discussion

A comparison of the experimental moment data to the first
and second moments of the simulated mean concentration is
presented in Figure 5. The first, X, and second, X, longi-
tudinal spatial moments were computed according to (Deng
et al., 1993):

X, =1/M [ nx?Cax— X2, (18)
2

where

X,=1/M[ nxCdx, (19)
Rl
and
M = [ nCdx. (20)
e
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Figure 5. Experimental moment data (data points) vs.
moments of simulated mean concentration
distributions.

Solid line shows results from simulation based on first-order
solution to flow equation (Simulation 1); dotted lines show
results from simulations based on measured covariances
(Simulations 2 and 3).

Before drawing any conclusions from these results, it should
be noted that comparisons were made between ensemble av-
erage results and unique experimental realizations. Also, flow
and transport processes in a bounded domain were simulated
using a model that was developed for an infinite domain.
Therefore, small discrepancies were expected between the
numerical and experimental results.

Although a set of concentration measurements was not
available to compute error bars for the experimental moment
data, the measurement error was estimated to be on the or-
der of 10%. Within an error band of +10%, the experimen-
tal data show relatively good agreement with the first spatial
moments of the simulated mean concentration distributions.
However, a comparison of the experimental and theoretical
second spatial moments suggests that the simulations do not
match the experimentally observed mixing behavior. Even
with a variation in the experimental second moment of
+10%, the stochastic transport model appears to slightly
overpredict the experimental results. It is interesting to note
that the simulations, which used measured covariances as in-
put, overpredict the mean concentration more than the simu-
lation, which used the first-order relation between velocity
and log-hydraulic conductivity covariance.

To examine the validity of the first-order relation, the mea-
sured covariances are compared to the covariance deter-
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Figure 6. Covariance determined from the Fourier in-
version of Eq. 14 (dotted line) vs. the mea-
sured covariance (solid line) determined from
the first (top figure) and second (bottom fig-
ure) realizations of velocity field in the aperi-
odic heterogeneous model.

mined from the Fourier inversion of Eq. 14 in Figure 6. Al-
though the first-order relation shows general agreement with
the measured covariance, it does not predict the observed
negative correlation. While this negative correlation is small
with respect to the magnitude of the covariance function, it
may have an effect on the mixing behavior. Small negative
correlation at the laboratory scale may translate into large
negative correlation at the field scale. These velocity mea-
surements suggest that a decaying exponential function may
not adequately represent the velocity covariance structure in
a heterogeneous system.

Although the first-order relation does not capture the ob-
served negative correlation, higher-order corrections to this
relation may improve the agreement between measured and
theoretical covariances. The accuracy of the first-order rela-
tion has been explored numerically. Deng and Cushman
(1995) suggest that for afz < 1, the first-order approximation
is adequate, but as 0'f2 approaches unity, higher-order terms
become significant. Dagan (1985, 1993) and Thompson and
Gelhar (1990), suggest that for isotropic formations, the
first-order approximations is accurate for head and velocity
covariances up to a log-hydraulic conductivity variance on the
order of one. The experimental results shown here suggest
that the upper limit on 0'f2 may be less than unity. These
results are in general agreement with the theoretical work of
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Hassan (1995), whose Monte Carlo assessment suggests that
the first-order approximation may not capture the right co-
variance structure when o, > 0.3.

While higher-order corrections may explain the observed
differences between simulations based on theoretical and
measured covariances, they do not explain the discrepancy
between the experimental and numerical results. Since the
simulations based on measured covariances do not perform
as well as those based on theoretical covariances, it is un-
likely that incorrect assumptions about the form of the veloc-
ity or log-hydraulic conductivity covariance are responsible
for differences in the results. Thus, discrepancies between ex-
perimental and numerical results must be attributed to the
assumptions underlying the development of the stochastic
transport model. The main assumption employed by this
model is that triplet correlation terms involving fluctuating
velocities and fluctuating concentration are neglible com-
pared to the flux terms that contain doublet cross-correla-
tions, While it was not possible to estimate the magnitude of
the triplet correlation terms experimentally, these terms may
well have a significant effect on the prediction of mean con-
centration. The relative importance of the triplet correlation
terms has been explored numerically by Hassan (1995). The
numerical results suggest that these terms are small relative
to the convolution flux terms for mildly heterogeneous me-
dia.

Summary and Conclusions

Concentration and velocity field measurements in an aperi-
odic heterogeneous model were used to evaluate the applica-
bility of a stochastic perturbation theory and the assumptions
underlying its derivation. A comparison of experimental mo-
ment data to the first and second moments of simulated mean
concentration distributions showed that the theory did not
match the experimental data. While the results showed gen-
eral agreement, the stochastic model appeared to slightly
overpredict the experimentally observed mixing behavior.
Discrepancies between experimental and numerical results
were attributed to the assumption that triplet correlation
terms involving fluctuating velocities and fluctuating concen-
tration are insignificant relative to terms containing doublet
cross-correlations.

Measured covariances were compared to the covariance
determined from the first-order solution to the flow equa-
tion. Although the first-order relation was shown to be
in general agreement with the measured covariance, it did
not accurately predict the detailed covariance structure. In
particular, it was not able to predict the observed negative
correlation in the velocity covariance. Notwithstanding, it was
concluded that higher-order corrections to this relation may
improve the agreement between measured and theoretical
velocity covariance.

The experimental results suggest that MRI techniques can
provide insight into the contaminant transport problem that
cannot be gained using conventional laboratory and field
tracer experiments. The detailed spatial information pro-
vided by velocity imaging experiments is invaluable to the ex-
amination of existing theoretical models. It has been demon-
strated that not only can these measurement techniques be
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used to examine transport theories, they offer avenues for
improvement based on experimental evidence of flow behav-
ior.
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